Lecture 3

Method of Weighted Residuals
(MWR)
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Today

* We have so far approximated functions by writing them
as either
— Global polynomials with unknown coefficients
— Piecsewise polynomials with unknown coefficients
and finding the coefficients by equating the function
and expansion at a set of interpolation (collocation)
points
* Now we will look at the Method of Weighted Residuals,
whereby we will find the coefficients by minimizing the
error over the (global) interval
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Least Squares Broken Line Approximation
(not an interpolation)

Find:

Recall: -
I f=) flz:)Ai(z)
i=1
LQ f = Z OziAfL(.’L')
i=1
such that .
|f(z) — Ly f|" da

1s minimized.
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Proceeding to minimize the LHS:

min [ ‘f(w) - ij aili(z)

2
dz = F(oy)

Set

n

o [ s@ - Y et (A
_— = = ) — [0 7PAVIw A — N5 i
aOéj a ) J
And we arrive at: .
ZMijOéj:ﬁi
=1
where

b b

This is a linear system of equations. You can easily see that the 2nd derivatives
are positive and we therefore have a minimum.
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Some details:

22t j =4 —1 (lower diagonal)
b Titl—Ti1 VR
M;; = / A (2)Aj(z)dx | = $i+1§$_i ] Z (diagonal) .
a - j =i+ 1 (upper diagonal)
0 otherwise
/\\
-1 I i+1
J- J J+1
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Some details (take i # 1 and i # n).

Ti—Ti—1

j =1—1 (lower diagonal)

8
b Tigl —Li_1 s (di l)
Mo — A (A (2)d _ 5 j =1 (diagona
v (/a (@) () 1’) R Jj =i+ 1 (upper diagonal)
0 otherwise

v

Jr J+
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Some details:

Tittizt  j =4 —1 (lower diagonal)
b Titl —T5—1 i (i 1
a = j =i+ 1 (upper diagonal)
0 otherwise

-1 I I+1
AN
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Some details:

T2l j=4—1 (lower diagonal)
’ Tidl =il 5 (4
M;; = Aj(z)Aj(z)de | = o 2 J —’l. (diagonal) .
¢ Tt j =4+ 1 (upper diagonal)
0 otherwise
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Some details : = 1:

CEle‘l ]‘ — 1
My; = —ngml 7 =2
0 otherwise

v

v
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To simplify notation, let:
Aj = Tjt1 — 2,

In matrix form:
& &
A1 AotAy Ay
6 3 6
_ Ajr AjHA Aj
M = -6 3 6
An_o2 An_1+An_2 An_1
6 3 6
An_1 An_1
6 3

This is a tridiagonal matrix and is solved by Gauss elimination in O(n) opera-
tions. Pivoting is not needed if there is ”diagonal dominance”, |b;| > |a;|+ |¢;l,
where a, b, and ¢ are the lower diagonal, diagonal, and upper diagonal.
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MWR more generally

Prf(a) =Y ajpi(x), x € [a,b]. Eq. 3-1
=1

The functions ¢; are called basis or trial functions.
Define the inner product:

b
@) gl = [ S@a@yl)is Eq. 3-2

where w(z) is an appropriate weight function.
Take inner product of expansion with a set of test functions, ¥r(z) (i.e.
project the expansion on to the space of functions ;)

(P"f(x), Yp(@))w = (Z a;p;(x), Yr(@))w = Z%’(qﬁja Vi)w

Or, in matrix notation:

f=Ma Eq. 3-3

where

Bi = (P" f(z), $i(2))w, Mi; = (9j, Yi)uw-

1"
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Special Cases

. Least-squared, also called Galerkin, let

Yr(z) = or(x), vk Eq. 3-4

. Interpolation, also called collocation, let

Pr(x) = 0(x — xx) Eq. 3-5

where zp, k= 1,2, - -n are the interpolation points.

. Some particularly useful Galerkin projections use functions that are or-
thogonal:

<¢j7 ¢i>w — 045

Boris Grigorievich Galerkin
B 1871 Belarus
D 1945 USSR
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Aside: Dirac “delta function”

* Important in numerical analysis

* Read Chapter 5 of Bracewell

» Generalized function (distribution)

* Only integral properties are important (not details of shape)

» Consider as limiting case of a sequences of functions (non-unique) with:

T—0 |

/ d(z)dx = lim pr(z)de =1 Eq. 3-6

pr(z) = —e

n

17
12

|
:

0.7

\

_ﬁhJ
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* Another possible sequence

17
1.
12
0.7
R U ]
-4 -2 2 4
pr(x) = ~1I(%)

Paul Adrien Maurice Dirac
B 1902 England
D 1984 USA

1 was taught at school never
to start a sentence without

knowing the end of it Ae232a. © Tim Colonius

14



* Key properties:

[e°]

/_00 0(x — a)f(z)dx = }in% pr(z —a)f(z)de

| oz =t [ @) el - a) e

(these assume that f(z) and f/(z) are continuous at x = a)

» Related Heaviside function:

1

05
0.25

-4 -2 2 4
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—f'(a)

1,7:3
15
125 H(z) = {

0.75 HI(.I')

Eq. 3-6

Eq. 3-7

15

Note that when f(z) is not continuous at = = a, then we have:

| s@ite - ayde = 5 (fa) + 5(a-)

Two other useful properties:
L. f(@)d(z —a) = f(a)é(z — a)
2. 6(az +b) = ré(z + 2)
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Eq. 3-8

Eq. 3-9

Eq. 3-10
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* Example 1 — Broken Line

1. w(z) =1
2. Galerkin (P — L2)

3. Collocation (P — I2)

<f($), 6(‘7: - l'j)>w

..back to MWR

Let

and let

a=x1 <x9 < ..

< xp=0b

ifz, 1 <z <z

ifz, <z < Ti41

otherwise

Lf(z) =Y ah(z)
j=1
b =A4A; Y =0d(x —xy)

= f(zj)

(A(zj), 6(x —2k))w = Aj(zr) = b5k

 Example 2

MWR Galerkin for f(z)

As before,

Mo =3 where

and

z) = Z a;p;(x)

E Ozj jk—ak
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= u?(x).
x) = Z%‘éﬁj(fc)

Mij = (95, di)w B

w

v
N, kjm
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<f(1")7 ¢j>w

Br = <(Z%‘¢j(ﬂ?)) : ¢k> VE

B = Z me (DjPm, Pr).y

Z Z’YJ’Yka]m
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Br =Y > % Nejm
j m

» Will usually have simple enough basis and trial functions so that N
can be computed analytically.

» Discrete convolution-like sum
* Requires n?operations
» If B known, n nonlinear equations to solve for y
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Summary

* Interpolation and least-squared function approximation
are special cases of a general projection procedure
called MWR

* We have not proved that anything about how P"f{x)
converges to f{x) in general (nor can much be proved
without some specifics of test and trial functions).

» Projections of quadratic nonlinearity leads to a
convolution-type sum
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